Abstract. The natural action of the mapping class group of an orientable or nonorientable surface on its fundamental group induces a group homomorphism into the automorphism group of a free group. In the light of a recent theorem of Galatius [G2], we determine here the map on stable homology.
Introduction and results
Let Γ g,1 and N g,1 be the mapping class groups of an orientable surface S g,1 and a non-orientable surface N g,1 of genus g > 1 with one boundary component. The underlying diffeomorphisms are assumed to fix the boundary point-wise. Indeed, there are well-known homotopy equivalences [EE] , [ES] Note that S g,1 and N g,1 are homotopic to a wedge of 2g and g circles. The action of the mapping class groups on the fundamental groups of the surfaces (with a base-point on the boundary) thus induce representations ρ + : Γ g,1 −→ Aut F 2g and ρ : N g,1 −→ Aut F g , where F n denotes the free group on n generators. These representations are covered by maps of H-spaces that send a diffeomorphism to the homotopy equivalence it defines. Indeed, the H-space of base-point preserving homotopy equivalences of a wedge of n circles is homotopy equivalent to its group of connected components, Aut F n .
Both mapping class groups can be stabilized with respect to the genus by sewing a torus or a projective plane with two boundary components to S g,1 or N g,1 and extending diffeomorphisms by the identity. Similarly, the automorphism groups of free groups can be stabilized with respect to the number of generators in the free group. The two representations are compatible with these stabilizations. Recall 1991 Mathematics Subject Classification. Primary 20F34, 20F29; Secondary 57N05, 55P47.
Typeset by A M S-T E X from [H] and [I1] , [W2] , and [HV] respectively, that the natural inclusions induce homology isomorphisms (with any constant coefficient system) in the stable range:
In homological terms our main results can be stated as follows. Theorem 1. ρ + : Γ g,1 → Aut F 2g induces a split surjection on homology with Z[1/2]-coefficients, and is a surjection onto 2 H * ( Aut F 2g ; Z (2) ) for g ≥ 2 * +1.
Theorem 2. ρ : N g,1 → Aut F g induces a split surjection in homology with any constant coefficient system for g ≥ 4 * +3.
For the symmetric groups Σ n the stable homology range is n ≥ 2 * , cf. [N] . Σ n acts on F n by permutation of the generators. This defines a group homomorphism incl : Σ n ֒→ Aut F n . Galatius proves in [G2] :
Thus, in as far the stable homology of the symmetric group is known, so are the images of ρ + and ρ. In particular, this includes the homology with field coefficients.
Both theorems, variants of which we discuss in the next section, are implied by their stronger homotopy theoretic versions, Theorem 5 and Theorem 6 below. These in turn follow immediately from the main theorem in [G2] once it is shown that the representations ρ + and ρ induce maps of infinite loop space. For the mapping class groups of orientable surfaces the latter was proved by Wahl [W1] . Relying on [G2] , we give a short argument for this that immediately can be extended to the non-orientable case as well.
Variants of the main theorems
Before we turn to the proof of the main theorems we discuss in this section a few corollaries and remarks concerning mapping class groups of other surfaces.
2.1. Decorated surfaces. Consider the oriented surface S k g,n+1 with n + 1 (parametrised) boundary components and k marked points. Let Γ k g,n+1 be the mapping class group associated to the diffeomorphisms of S k g,n+1 that fix all boundary and marked points, and let Γ (k) g,(n),1 be associated to its diffeomorphisms that may permute the marked points and n of the boundary components while preserving their parametrisation; one boundary component is point-wise fixed to allow stabilization. Representations on the fundamental group of the underlying surfaces give rise to a commutative diagram
The horizontal map on the bottom is an isomorphism in homology in degrees with g ≥ * + 1. Thus it follows immediately that Theorem 1 is also valid for the representations
A similar argument shows that Theorem 2 holds for the decorated non-orientable mapping class groups and their representations
2.2. Braid groups. The ranges of homology degrees for the results established in 2.1 depend only on the genus g. One might hope to gain more information in the decorated case with increasing k or n. We offer the following remarks. The representation of the braid group Br k = Γ (k) 0,1 on the first homotopy group of the underlying surface is just Artin's inclusion map
Recall from [T3] that in stable homology with field coefficients Q or Z/pZ, this map is trivial unless p = 2, in which case it is an inclusion. More precisely, integrally the image is precisely the image of the map induced by the canonical map of groups Br k → Σ k followed by incl :
we see that also the image of ρ + contains Im(H * (Br k ) → H * (Σ k )) in the stable range, and in particular the non-trivial element in H 1 ( Aut F 2g+k ) = Z/2Z for k ≥ 4. Thus as k increases additional 2-torsion classes are detected in the homology of the automorphism group of a free group.
When surfaces with additional boundary components are considered, the braid group Br k is replaced by the ribbon braid group RBr k . But the representation of Γ g,(n),1 factors through Γ (n) g,1 as the fundamental group of the underlying surfaces does not see the difference between a boundary component or a puncture. Hence the analysis reduces to that just given above.
These remarks also carry over to the non-orientable case.
2.3. Once punctured surfaces. The mapping class groups of once punctured surfaces only give rise to outer automorphisms of the fundamental groups of the underlying surfaces as no point of the surface is fixed by all diffeomorphisms:
Consider the commutative diagrams
By [HV] the natural map Aut F n → Out F n induces a homology isomorphism in degrees * for n ≥ 2 * +4. Hence Theorem 1 and 2 also hold for the maps in (2.1) in the same ranges, g ≥ 2 * +1 and g ≥ 4 * +3 respectively. We note that this range is slightly better then that which would be trivially implied by the fact that the maps Γ g,1 → Γ 1 g and N g,1 → N 1 g induce inclusions in homology in degrees * for g ≥ 2 * +2, cf. [I2] , and g ≥ 4 * +5, cf. [W2] .
2.4. Closed surfaces. The mapping class group of the closed surface S g maps to the outer automorphisms group of the surface group π 1 F g , and not a free group. By classical theorems of Nielsen and Bers, we know that
is an isomorphism onto the index two, normal subgroup of orientation preserving outer automorphisms.
The situation for non-orientable surfaces is analogous, and the representation
is an isomorphism.
The A-theory transfer map
We recall briefly the construction of the map of infinite loop spaces from Z × BΓ + ∞ to Waldhausen K-theory of a point A( * ) from [T2] and note that the same construction gives a map of infinite loop spaces from Z × BN + ∞ to A( * ). Indeed, we will construct both maps simultaneously. Let C ± be the 2-category of oriented and non-orientable surfaces. Its objects are the natural numbers where n ≥ 0 represents n copies of the standard circle. Its 1-morphisms are generated under disjoint union and sewing by the following atomic surfaces, each equipped with a fixed parameterisation of its boundary components and an orientation if one exists: a disk D ∈ C ± (0, 1), a torus with two boundary components T ∈ C ± (1, 1), a projective plane with two boundary components R ∈ C ± , and a pair of pants P ∈ C ± (2, 1). Furthermore, we add elements of the symmetric group represented by cylinders of length 0. The set of 2-morphisms between two surfaces F and F ′ is the topological space Diff (F, F ′ ; ∂) of all diffeomorphisms from F to F ′ that preserve the boundary parameterisation and labelling, as well as the orientation if one exists.
We consider two subcategories of C ± . Let C + be the subcategory which contains only oriented surfaces and orientation preserving diffeomorphisms, and let C − be the subcategory that contains no orientable surfaces of positive genus. Using Harer's homology stability theorem for the oriented mapping class groups and Wahl's homology stability theorem for the non-oriented mapping class groups, the group completion theorem for categories gives the following equivalences, cf. [T1] , [W2] :
Disjoint union induces a symmetric monoidal structure on C ± and its subcategories C − and C + , and therefore defines infinite loop space structures on the associated classifying spaces.
Identify A( * ) with the loop space of |w.S( * )| where w.S( * ) is Waldhausen's simplicial set construction applied to the category of finite spaces over a point * . A k-simplex is a k-flag of cofibrations over * . We can map the nerve N.C ± to w.S( * ) by sending a k-simplex of composable surfaces (F 1 , . . . , F k ) to the cofibration
Here • denotes composition of surfaces under sewing, and F/∂ 0 is the quotient space of F in which the source boundary ∂ 0 is collapsed to a point; if the incoming boundary is empty, a disjoint base-point is added. Diffeomorphisms clearly induce based weak equivalences. As disjoint union is taken to the wedge product, this construction induces maps of infinite loop spaces. 
The representations as infinite loop maps
We now deduce from the main result of [G2] and Waldhausen's splitting theorem that the representations ρ + and ρ induce maps of infinite loop spaces.
For any category D, an element in the space of morphisms D(a, b) from an object a to an object b defines a path from a to b in the classifying space BD. Extending this construction to 2-categories defines the maps labelled by c in the commutative diagram below:
Here Aut (X) for a based space X denotes the space of based homotopy equivalences of X. Note that F g,1+1 /∂ 0 is a wedge of 2g or g circles depending on whether F g,1+1 is orientable or not. The vertical maps c extend over the stabilisation with respect to the genus and over the plus construction. Thus χ + and χ factor through ρ + and ρ respectively. Recall from [W] that the composition of the maps
is a homotopy equivalence of infinite loop spaces; here tr denotes Waldhausen's trace map. By the main result of [G2] (see 1.2 here), also the first map is a homotopy equivalence. Hence, up to a self-homotopy equivalence of QS 0 as infinite loop space,
tr is a map of infinite loop spaces, and by Proposition 3 so are χ + and χ. Hence, ρ + and ρ are maps of infinite loop spaces. This extends Wahl's result [W1] to the mapping class group of non-orientable surfaces. 
The main theorems and a couple more remarks
To state our results we will make use of the notation X (p) for the localisation of a space X at a prime p. Recall that a connected component of QS 0 splits as a product of its p-localisations. Thus we have
Theorem 5. There exists a map of infinite loop spaces σ
is homotopic to the identity for all odd primes p, and the loop sum doubling map for p = 2.
Theorem 6. There exists a map of infinite loop spaces σ :
0 is homotopic to the identity.
These two theorems imply immediately Theorem 1 and 2 from the introduction. The stated range of homology surjectivity is the minimum for the relevant ranges for homology isomorphisms listed in (1.1) and (1.2). We will prove both Theorem 5 and 6 at the same time.
Proof: Consider the following compositions:
Based maps of infinite loop spaces from QS 0 are determined by their restriction to S 0 . The maps σ + and σ are defined to be the based infinite loop maps that send the non-base-point in S 0 to (1, * ) in Z × BΓ 
Homology representations.
Instead of considering the representation on the first homotopy groups of the underlying surfaces we may consider the representation on the first homology groups
They factor through ρ + and ρ, and after stabilisation, taking classifying space and applying the plus construction, they factor through
where L is the linearisation map from Waldhausen A-theory to algebraic K-theory. The map (5.2) has been studied in [Q] . In particular, for p odd and q a unit in Z/p 2 Z, the composition with the natural map to K(Z/qZ) (p) ≃ ImJ (p) is a split surjection. So h + and h satisfy Theorem 5 and 6 with QS 0 replaced by ImJ (1/2) , the image of J localised away from 2. Note though that in this case the splitting is not a map of infinite loop spaces. In the oriented case, this splitting of Z × BΓ + ∞ was previously proved by Charney and Cohen [CC] . It is easy to see that the representations h + and h induce maps of infinite loop spaces. Hence, our analogue of Theorem 5 and 6 for the homology representations does not depend on [G2] .
Representations as transfer maps.
The stable homology of both Γ ∞ and N ∞ are well understood because by [MW] and [W2] we have
and the homology groups with coefficients in F p and Q of the right hand spaces are known, cf. [G1] and [R-W] . We also recall here that there are natural maps ω + : Ω ∞ M T SO 2 −→ Q(BSO(2) + ) and ω : Ω ∞ M T O 2 −→ Q(BO(2) + ), and split projections pr : Q(X + ) → QS 0 for any space X with an adjoint basepoint. Douglas proves in [D] that the A-theory transfer composed with the trace map is homotopic to the Becker-Gottlieb transfer map. It follows immediately from the definitions of ω + and ω that stably we have the following interpretation of the representations:
